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A simple set of conditions is given to determine whether or not a sequence 
(4, . . . . d,> is the degree sequence of a self-complementary graph. 
1. INTRODUCTION 
It was shown in [l] that a sequence is potentially self-complementary 
iff it is graphical and suitable. (All definitions may be found in [l].) Now, 
it is easy to see at a glance if a sequence is suitable or not. Whether or not 
it is graphical is not immediately obvious. The Erdds-Gallai conditions 
require some computation. We show that for a suitable sequence, there is 
a very simple set of inequalities to determine whether or not it is graphical. 
If 17 = (dl )...) c&) is suitable, with p = 4n, then it can actually be 
specified by just n ‘integers, rather than 4n. Let &-, = d,, = ai , 
i = 1, 2,..., n. Then 17 is (al , a1 , a2 , a2 ,..., a, , a, , 4n - 1 - a,, 4n - 
1 - a, ,..., 4n - 1 - a, ,4n - 1 - al). Write n* = (a, , a2 ,..., a,) and 
call this the corresponding reduced sequence. Given any sequence 
IT* = (a, ,..., an) with 4n - 1 > a, 3 ... 2 a, 3 2n, we can conversely 
obtain 17, the corresponding “full” suitable sequence. 
Similarly, if p = 4n + 1, then we know that d2n+l = 2n, and we let 
d,,-, = d2i = ai , i = 1, 2 ,..., n. Again write 17* = (a, ,..., a,), the 
corresponding reduced sequence. 
We prove the following: 
THEOREM. The sequence II is potentially self-complementary if and 
only $17 is suitable and the corresponding reduced sequence Il* satisfies 
the inequalities 
iIai < s(p - 1 - s) for s = l,..., n, 
wherep = 4n or 4n + 1. 
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2. PROOF OF THEOREM 
So suppose first that Lr = (d, , d, ,..., d,), where p = 4n. Let 
E, = r(r - 1) + i min(r, dj) - i di . 
j=rtl i==l 
The theorem of Erdiis and Gallai (see, for example, Harary [2], p. 59) 
states thatI7is graphical iff E,. 3 0 for r = I,..., p - 1. First we show that 
for suitable sequences, the values of I > 2n need not be considered: 
LEMMA 1. If.ll is a suitable sequence, then Il is graphical 13 E, 3 0 
for r = 1, 2 ,..., 2n. 
Proof. It is easy to show that if E, < 0 for some r 2 2n + 1, then 
also Ezla < 0. (Alternatively, this is a particular case of a theorem to 
appear in [3], that states that one has only to consider E, for r < h, 
where h is the largest index such that d, 3 r.) 
Next we show that, within the first half, we need consider only the even 
values of r: 
LEMMA 2. If 17 is a suitable sequence, then 17 is graphical @E,. 3 0 
for r = 2, 4 ,..., 2n. 
Proof. Suppose that r < 2n. Suppose that dl ,..., dz 3 r + 1, that 
d 1+1 = . . . = dk = r and dk+l ,..., d4,,<r. Now d,,>2n>rf1, so 
/~2n>r.Then,ofthedi(j=r+1,...,4n),k-rofthemare~r,so 
E, = r(r - 1) + (k - r) r + t dj - i di . 
i=k+l i=l 
And, of the dj (j = r + 2,..., 4n), I- (r + 1) of them are 3 r + 1, 
and k - 1 of them are = r, so 
E 5-+1 = (r + 1) r + (I - (r + l))(r + 1) + (k - I) r + 5 dj - ‘f di . 
i=k+l is1 
So, after simplification, E,,, - E,. = (1 - 1) - d,.,, . (Incidentally, we 
could have avoided introducing k, but it seems clearer this way.) In other 
words, 
E r+1 - ET = (the number of di which are 3 r + 1) - 1 - d,,, . 
Similarly 
E,. - ET_, = (the number of di which are 2 r) - 1 - d, . 
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We are going to show that, when r is odd, E, < 0 implies that either 
ET-, < 0 or E,,, -C 0. The way we proceed depends on how big d,,, is: 
(1) If d,,, > 4n - r - 2. Then dbn+ = 4n - 1 - d,,, < 4n - 1 - 
(4~2 - r - 2) = r + 1. So the number of di which are 3 r + 1 is less 
than 4n - r. In this case, E,.,, -E,.<(4n-r)-I-(4n-r-2)=1. 
Thus E,.,, -c E,. + 1, i.e., E,,, < E,. . 
(2) If d,.,, < 4n - r - 2. Then ddnpT = 4n - 1 - d,,, > r + 1. So 
the number of $ which are > r is at least 4n - r. When r is odd, we have 
4 = dr,, . Then d, = d 7+1 < 4n - r - 2. So E,. - E,-, 2 (4n - r) - 
1 - (4n - r - 2) = 1. Thus E,.-, < ET - 1, i.e., E,-, < E, . 
This proves the lemma: For if r is odd and E, < 0, then according to 
the size of d,.,, , we may deduce that either E,.,, < 0 or E,-, -c 0. So 
if there is failure at an odd r, there is failure at the even value either 
before or after r. 
Remark. Lemma 2 is a particular case of the following theorem: 
A sequence n is graphical iff E, > 0 for those values of r such that 
d, 3 r and d, # d7+1 . A proof similar to that of Lemma 2 is easily given. 
Now let 17 be a suitable sequence and 17* the corresponding reduced 
sequence. We say that El* is reduced-graphical if the corresponding 
“full” suitable sequence 17 is graphical. If 1 < s < n, 
E,, = 2s(2s - 1) + ‘f min(2s, dj) - f di . 
j=zs+1 i=l 
We now write this in terms of the ~l< of fl*. Notice that dz, 3 2n > 2s, 
so a, )..., a,, > 2s. Suppose that h is the largest integer such that 
4n - 1 - ah < 2s. Then, looking at the sequence n, 
a, , 4 9 a2 , a2 ,a.., 4n - 1 - uh+l , 4n - 1 - uh+l 2 2s, 
and 
4n - 1 - uh , 4n - 1 - uh ,..., 4n - 1 - ul , 4n - 1 - ul < 2s. 
so, 
Ezzs = 2s(2s - 1) + (2n - 2s) 2s + (2n - 2h) 2s 
+ 2 i (4n - 1 - uj) - 2 i ui, 
j=l f-l 
= 2s(4n - 1) + 2h(4n - 1 - 2s) - 2 5 uj - 2 i ui 
j=l i-l 
after simplification. 
78 C. R. J. CLAPHAM 
Now, from Lemma 2, n* is reduced-graphical iff E,, > 0 for s = l,..., n. 
So we have established 
LEMMA 3. The reduced sequence II* = (a, ,..., a,,) is reduced-graphical 
isf 
(Cl) i ai + i aj < s(4n - 1) + h(4n - 1 - 2s), 
i=l j=l 
.for s = l,..., n, 
where h is the largest integer such that ah > 4n - 1 - 2s. 
We now show that the conditions Cl are equivalent to the simpler 
conditions in the next lemma. 
LEMMA 4. The reduced sequence II* = (a1 ,..., a,,) is reduced-graphical 
ZT 
63) ii ai ’ s(4n - l - s), 
for s = I,..., n. 
Proof. Suppose that, for some s, & ai > s(4n - 1 - s), and take 
the least such s. Let h be the largest integer such that ah > 4n - 1 - 2s. 
Then h > s for the following reason: if h < s, then a, < 4n - 1 - 2s, 
and so 
> s(4n - 1 - s) - (4n - 1 - 2s) 
= (s - 1)(4n - s) + 1 
> (s - 1)(4n - 1 - (s - l)), 
and this contradicts the assumption that s is the least such. (If s = 1, 
we can:again see easily that h > s.) Therefore, 
k aj = zl ai + ii+l ai 
> s(4n - 1 - s) + (h - s)(4n - 1 - 2s) 
= h(4n - 1 - 2s) + 9. 
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Thus, 
a, > s(4n - 1 - s) + h(4n - 1 - 2s) + s2 
= s(4n - 1) + h(4n - 1 - 2s), 
contradicting one of the conditions Cl. So if 17* satisfies Cl, then n* 
satisfies C2. 
Conversely, it is easily verified that if 17* satisfies C2, then 17* satisfies 
Cl. 
In reaching Lemma 4, we have in fact proved the theorem for the case 
whenp = 4n. A repetition of Lemmas 1 to 4 for the case whenp = 4n + 1, 
with the obvious alterations, is found to go through without any difficulty, 
thus establishing the theorem in this case too. 
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